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Nonlinear elliptic equations in RN involving the p-Laplacian
operator

Eleonora Amoroso
University of Messina

eleonora.amoroso@unime.it

In this talk, we discuss some existence and multiplicity results for nonlinear p-Laplacian
Dirichlet problems de�ned in the whole space. In particular, the existence of two non-zero
solutions with opposite energy sign for equations having combined e�ects of concave and convex
nonlinearities is presented. The approach is based on variational methods.

References

[1] E. Amoroso, G. Bonanno, K. Perera, Nonlinear elliptic p-Laplacian equations in the whole space , Nonlinear

Analysis 23 (2023), 113364

University of Messina April 18�19, 2024, Italy



New Advances in Nonlinear Differential Equations

Lavrentiev's phenomenon for double phase functionals

Michaª Borowski
University of Warsaw, Poland
m.borowski@mimuw.edu.pl

We shall consider double phase functionals of the form

F [u] =

∫
Ω
|∇u|p + a(x)|∇u|q dx , 1 < p < q < ∞ , 0 ≤ a(·) ∈ L∞ ,

in the context of the Lavrentiev's phenomenon. That is, we want to exclude the situation in
which minimizers of F cannot be appropriately approximated by regular functions, namely

inf
u0+W (Ω)

F [u] < inf
u0+C∞

c (Ω)
F [u] ,

where W (Ω) is the energy space of the functional F . To this purpose, one has to impose certain
conditions on parameters p, q, and a(·). Many authors have considered a being Hölder continuous,
with exponent controlled by q/p or q− p. The limitation of this approach is that p and q cannot
be far from each other, as class C0,α is trivial for α > 1. In our recent work, we describe a new
class of functions, allowing excluding the Lavrentiev's phenomenon for every choice of exponents
p and q.

In the talk, we shall introduce double phase functionals, review the previous results concern-
ing absence of Lavrentiev's phenomenon, and introduce our approach to the topic.

This is joint work with Iwona Chlebicka, Filomena de Filippis and Bªa»ej Miasojedow.

References

[1] M. Borowski, I. Chlebicka, F. De Filippis, B. Miasojedow, Absence and presence of Lavrentiev's phenomenon

for double phase functionals upon every choice of exponents, Calc. Var. Partial Di�erential Equations 63(2)

(2024), 1-23

University of Messina April 18�19, 2024, Italy



New Advances in Nonlinear Differential Equations

Second-order regularity of solutions to nonlinear elliptic
problems

Andrea Cianchi
University of Firenze
andrea.cianchi@uni�.it

Second-order regularity results are established for solutions to elliptic equations and systems
with principal part having Uhlenbeck structure and square-integrable right-hand sides. In the
case of equations, di�erential operators depending on anisotropic norms of the gradient are
also included. Both local and global estimates are obtained. The latter apply to solutions to
homogeneous Dirichlet problems under minimal regularity assumptions on the boundary of the
domain. In particular, no regularity of its boundary is needed if the domain is convex. A critical
step in the approach is a sharp pointwise inequality for the involved elliptic operator. This talk
is based on diverse joint investigations with C.A.Antonini, A.Kh.Balci, G.Ciraolo, L.Diening,
A.Farina and V.Maz'ya.
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Monotonicity formulas and (S+)-property: old and new

Ángel Crespo-Blanco
Technische Universität Berlin
crespo@math.tu-berlin.de

In this talk we discuss the relation between monotonicity formulas and the (S+)-property,
the fact that monotonicity formulas were originally developed for operators with a power-law
growth like the p-Laplacian, and how the strategy of using monotonicity formulas to prove the
(S+)-property can be generalized to cases that grow similar to a power-law but are not exactly
one (for example, a logarithmic perturbation of a power law).

University of Messina April 18�19, 2024, Italy



New Advances in Nonlinear Differential Equations

Asymptotic proximity to higher order nonlinear di�erential
equations

Zuzana Do²lá
Masaryk University, Czech Republic

dosla@math.muni.cz

Consider the Emden�Fowler type di�erential equation

u(n) = r(t)|u|λ sgnu, λ > 0, λ ̸= 1, (1)

where r is a continuous function for t ≥ 1. The problem of the proximity of solutions of (1) with
solutions of the unperturbed equation y(n) = 0 has a long history, started over seventy years ago
by Kiguradze in [5], motivated by Sobol [7]. Recently, this study continued, by considering the
higher order di�erential equation

u(n) + q(t)u(n−2) + r(t)|u|λ sgnu = 0, n ≥ 3, (2)

where q is a positive continuous function for t ≥ 1 and giving conditions for the existence of
solutions of (2) which are close, for large t, to ones of the linear equation y(n) + q(t)y(n−2) = 0.
Interesting contributions can be found in [1, 2, 3, 4, 6, 8]. In these studies, two cases are
distinguished, according to the second order di�erential equation h′′(t)+q(t)h(t) = 0 is oscillatory
or nonoscillatory. In the �rst case, an asymptotic representations for oscillatory solutions is given
and, in the second one, the existence of solutions with polynomial-like or noninteger power-law
asymptotic behavior is obtained.

In �nal part of the lecture some results from [2] are presented. In this case, equation (2) can
be written as a suitable two-term equation and the study is accomplished by using a general
topological approach, based on an induction method and an iterative process, see [3]. Some
suggestions for further research complete the talk.
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On the existence of solutions for second order di�erential
inclusions

Giulia Duricchi
University of Firemze
giulia.duricchi@uni�.it

The talk will be about new results, obtained in recent joint works with Tiziana Cardinali ([4], [5],
[6]), on the existence of mild solutions for the following nonlocal problem driven by a semilinear
second order di�erential inclusion

(P)


x′′(t) ∈ A(t)x(t) + F (t,N(t)x)

x(0) = g(x)

x′(0) = h(x)

and for an initial problem governed by a Sturm-Liouville di�erential inclusion

(SL)


(p(t)x′(t)) ∈ λG(t)x(t) + F (t, x(t))

x(0) = x0

x′(0) = x0.

The study of nonlocal problems has been well recognized as a fruitful area in mathematics, in
particular the nonlocal initial conditions are more appropriate then the classical one to describe
natural phenomena because it allows us to consider additional information. Therefore these
problems have been widely studied because of their applications (see [2], [7] and the reference
cited therein). Moreover, it is also well-known the importance of Sturm-Liouville theory: many
di�erential equations can be trasformed in the Sturm-Liouville ones and the study of di�erential
equations or inclusions involving Sturm-Liouville operators is stimulated by problems related to
various area of applied sciences.
In this talk we discuss about the existence of mild solutions for (P) and (SL) in Banach spaces
in the lack of compactness both on the fundamental system generated by the linear part and on
the nonlinear multivalued term. For lack of compactness we have that our theorems extends in a
broad sense the results presented in [3] and [8]. For (SL) we are able to establish the existence of
strong solutions too. The method used for proving the existence of mild solutions is based on the
combination of a �xed point theorem and a selection theorem developed by ourselves. Moreover
we use De Blasi measure of noncompactness and the weak topology. This approach is present
in [1], but with the aim of studying the existence of mild solutions for problems controlled by
semilinear �rst order di�erential inclusions. As application of our results for (P) we study of the
controllability of a Cauchy problem guided by the following wave equation

∂2w

∂t2
(t, ξ) =

∂2w

∂ξ2
(t, ξ) + b(t)

∂w

∂ξ
(t, ξ) + T (t)w(t, ·)(ξ) + u(t, ξ),

while we apply the existence theorem proved for (SL) to analyse the controllability of a Cauchy
problem driven by

((t2 + 1)x′(t))′ = λ sin(t)x(t) + h(t) + u(t)
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Existence and multiplicity of positive solutions for a p-Laplacian
equation with sub-critical singular parametric reaction term

Giuseppe Failla
University of Palermo

Giuseppe.failla02@unipa.it

We consider the following singular elliptic problem
−∆pu = λf(x, u) + µg(x, u) in Ω,

u > 0 in Ω,
u = 0 on ∂Ω,

(3)

where Ω ⊆ RN (N ≥ 3) is a bounded domain with smooth boundary ∂Ω, p ∈ (1, N), λ, µ are
real positive parameters, ∆pu := div(|∇u|p−2∇u) is the classical p-Laplacian, f : Ω× (0,+∞) →
[0,+∞) and g : Ω × [0,+∞) → [0,+∞) are Carathéodory functions satisfying the following
assumptions:

(Q1) lim
s→0+

f(x, s) = +∞ uniformly w.r.t. x ∈ Ω,

(Q2) f(x, s) ≤ c1s
−γ + c2 for a.a. x ∈ Ω, ∀s > 0, γ ∈ (0, 1),

(Q3) g(x, s) ≤ c3s
q−1 + c4 for a.a. x ∈ Ω, ∀s ≥ 0, q ∈ (1, p∗),

where p∗ = Np
N−p is the critical Sobolev exponent and ci for i ∈ {1, ..., 4} are non-negative

constants. Combining variational with truncation techniques, a quantitative estimate of the
parameters λ, µ, for which problem (3) admits a positive solution, is obtained. In particular,
this solution is a local minimum of a suitable functional. Furthermore, if p < q < p∗, and,
in addition, g ful�lls a classical unilateral Ambrosetti-Rabinowitz condition, the Mountain Pass
Theorem ensures the existence of a second positive solution.
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Symmetrization results for general nonlocal linear elliptic and
parabolic problems

Vincenzo Ferone
Dipartimento di Matematica e Applicazioni "R. Caccioppoli"
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vincenzo.ferone@unina.it

We discuss a Talenti-type symmetrization result in the form of mass concentration (i.e. inte-
gral comparison) for very general linear nonlocal elliptic problems, equipped with homogeneous
Dirichlet boundary conditions. In this framework, the relevant concentration comparison for the
classical fractional Laplacian can be reviewed as a special case of our main result, thus gen-
eralizing previous results obtained in collaboration with B. Volzone. Also a Cauchy-Dirichlet
nonlocal linear parabolic problem is considered. The results are contained in a joint paper with
G. Piscitelli and B. Volzone.
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Strongly singular convective elliptic equations in RN driven by a
non-homogeneous operator

Laura Gambera
University of Palermo
laura.gambera@unipa.it

In this communication, concerning a work with U. Guarnotta, I present an existence result for
strongly singular convective elliptic equation driven by a non-homogeneous di�erential operator,
patterned after the (p, q)-Laplacian, in the whole space. This problem exhibits at least four
interesting peculiarities: (i) the operator is non-homogeneous, (ii) the reaction term is convective:
this destroys the variational structure of the problem, (iii) the reaction term is strongly singular,
and (iv) the problem is set in the whole space: this causes lack of compactness of Sobolev
embeddings, and compels to use some localization procedures. Thus, to prove the existence
result, we solve some regularized and localized problems through �xed point theory, variational
methods, truncation techniques, and a sub-super-solution theorem. Then, we pass to the limit
employing an energy estimate obtained by a localization procedure. Finally, using a compactness
argument, we gain a solution to the problem.
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Birkho�-Kellogg type results with applications

Gennaro Infante
Università della Calabria
gennaro.infante@unical.it

We present some classical and recent results of Birkho�-Kellogg type in cones and wedges.
We illustrate their applicability in the context of ordinary, functional and partial di�erential
di�erential equations subject to local, nonlocal and functional boundary conditions.
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Minimal energy solutions to potential singular ϕ-Laplacian
systems

Petru Jebelean
West University of Timi³oara

petru.jebelean@e-uvt.ro

In this talk we discuss the solvability of a nonlinear system involving a singular ϕ-Laplacian
operator

u 7→
[
ϕ(u′)

]′
associated with a potential multivalued boundary condition expressed in terms of subdi�erential
of a convex function. Here, ϕ is a homeomorphism from an open ball of radius a, centered at
the origin Ba onto RN such that ϕ(0RN ) = 0RN , ϕ = ∇Φ, with Φ : Ba → (−∞, 0] of class C1 on
Ba, continuous and strictly convex on Ba. First, we provide a variational approach in the frame
of critical point theory for convex, lower semicontinuous perturbations of C1-functionals. Then
we derive the existence of solutions by minimizing the corresponding energy functional. Among
other often invoked features in ensuring the existence of minimizers, the impact of the boundary
condition in relation with the singular character of the operator is emphasized.
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Boundary value problems on the half-line for (generalized)
curvature operator and Kneser solutions

Serena Matucci
Università of Firenze
serena.matucci@uni�.it

Second order nonlinear equations of the form

(a(t)Φ(x′))′ + F (t, x) = 0, t ≥ t0 (4)

are considered, where the functions a and F are continuous, with a positive, and the operator Φ
can be the (generalized) one-dimensional curvature operator

Φ(u) = |u|α(1− |u|1+α)
−α
1+α sgnu, α > 0,

or, more generally, an increasing odd homeomorphism. We analyze the problem of existence of
globally positive solutions satisfying some boundary conditions related to the existence of radial
solutions for PDEs with operators in divergence form. Boundary value problems associated to
(4) or, more generally, to partial di�erential equations whose radial solutions satisfy (4), have
been investigated by many authors, see for instance [1, 2, 3] and references therein.

In the second part of the talk, we present some results for problems related to the so-called
Kneser solutions and intermediate solutions for (4). Our method is based on a new abstract
�xed point result for invertible operators and on asymptotic properties of auxiliary half-linear
di�erential equations, and give some �similarity� results between (4) and suitable half-linear
equations. In particular, the concept of principal solutions and some comparison results play a
fundamental role in �nding good a-priori bounds for solutions.
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Nonlinear Sturm Liouville problems with sign changing
coe�cients

Valeria Morabito
University of Messina

valeria.morabito2@studenti.unime.it

In this talk we present an existence result of solutions for a complete parametric Sturm-
Liouville equation under Dirichlet boundary condition with sign changing coe�cients. Under
speci�c hypotheses on the nonlinear term, through a critical point theorem, we obtain two
nontrivial and nonnegative solutions with opposite energy sign.
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Population dynamics models with seasonality

Carlota Rebelo
Universidade de Lisboa (Portugal) mcgoncalves@fc.ul.pt

In this talk we will consider predator-prey and competition models. We will give an overview of
recent results obtained for the case when seasonality is considered.

We will describe results on extinction, persistence, coexistence and of stability of the coexis-
tence orbit.

The results obtained mostly using topological methods are described in the papers [1,2,3,4].
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Multiplicity for Dirichlet systems with discrete relativistic
operator

C lin �erban
West University of Timi³oara
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We discuss the solvability of some Dirichlet systems involving the relativistic discrete operator

u 7→ ∆

[
∆u(n− 1)√

1− |∆u(n− 1)|2

]
(n ∈ {1, . . . , T}) .

Here, for u : {0, . . . , T+1} → RN , we denote by∆u the usual forward di�erence operator. Besides
an "universal" existence result for a system with a general nonlinearity, we obtain multiplicity of
solutions for potential systems with parameterized nonlinearities. Our approach relies on Brouwer
degree arguments and critical point theory for convex, lower semicontinuous perturbations of C1-
functionals. Comparisons with similar results for the relativistic di�erential operator and for the
mean curvature operator in Minkowski space are also provided.

Based on joint work with Alberto Cabada and Petru Jebelean.
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Multiplicity of solutions for a periodic boundary Sturm-Liouville
problem with discontinuous reaction term

Bruno Vassallo
University of Messina

bruno.vassallo@community.unipa.it

We investigate, via variational methods, the following periodic boundary value problem with the
Sturm-Liouville equation {

−(pu′)′ + qu = λf(x, u(x)) in ]0, T [,
u(0) = u(T ), u′(0) = u′(T ),

(Pλ)

where p, q ∈ L∞([0, T ]) satisfying p(0) = p(T ), q0 := essinf [0,T ] q > 0, p0 := essinf [0,T ] p > 0 and
the reaction term f : [0, T ] × R → R belongs to a suitable set of almost everywhere continuous
functions called highly discontinuous. In particular the set of the points of discontinuity of f
may also be uncountable. Under proper growth conditions on f , the existence of three weak
solutions to Problem (Pλ) is established, for an appropriate range of the parameter λ, using the
critical point theory for non-di�erentiable functions.
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